Abstract-The paper deals with a method, based on the finite formulation approach for the solution of a quasi-static eddy-current problem (ECP). As an example, the method has been tested against a two-dimensional axisymmetric ECP and the obtained results have been compared with those from well-established methods. The finite formulation is a new formulation, complementary to the traditional differential formulation, consisting of a discrete, i.e., algebraic, formulation obtained directly from experimental facts, without applying a discretization procedure to a differential equation. It adopts the global variables together with the primal-dual cellulization of the space and time domain as starting point.
I. INTRODUCTION
T HE NUMERICAL methods in field theories and in computational electromagnetism involve the solution of a system of algebraic equations usually obtained from the Maxwell differential equations written in terms of the field quantities , , , , , and . The solution is obtained using different discretization methods, like the finite differences, the finite differences in time domain, the finite elements, the edge elements [1] , or the finite integration method [2] , which maps the Maxwell equations in integral form into a set of sparse matrix equations. According to the finite formulation approach [3] , it is possible to deduce a set of algebraic equations directly from physics, instead of obtaining them from a discretization process applied to the Maxwell equations (in the differential or integral form). From the experiments, only global variables can be measured like currents, voltages, or magnetic fluxes; the corresponding field quantities like , , and are deduced from these by means of a limit process leading to the differential description of the field laws. This limit process can be avoided with the use of the global variables in the mathematical description of the physical phenomena. In this way, a direct discrete formulation of physical laws can be obtained ready for the implementation in the computer codes. Even when the integral formulation is used, like in the finite integration or in the finite volumes methods, it is a standard practice to use integrals of the field quantities. To reformulate the physical laws in a direct and discrete way, one must start from a qualitative analysis of the physical quantities which can Manuscript received July 2, 2001; revised October 25, 2001. F. Bellina, P. Bettini, and F. Trevisan are with the Dipartimento di Ingegneria Elettrica Gestionale e Meccanica, Università di Udine, 33100 Udine, Italy (e-mail: fabrizio.bellina@uniud.it; bettini@uniud.it; trevisan@uniud.it).
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Publisher Item Identifier S 0018-9464(02)02423-8. be grouped in three main classes: the configuration, the source, and the energy variables [4] . The configuration variables describe the configuration of a given field or system. The source variables describe the sources of this field. The energy variables are obtained as the product of a configuration variable by a source variable. The link between the configuration and the source variables is given by the constitutive equations that take into account the material properties. The global variables are referred to geometrical elements like points, lines, surfaces, volumes, instants and time intervals. For this reason the global quantities are associated not only to points or instants, like the field functions, but also to extended space and time elements and are referred to as domain functions. The domain functions are continuous across different materials also, while field functions-used in the differential formulation-are discontinues at the interfaces where jump conditions must be imposed.
II. CELL COMPLEXES AND THEIR ORIENTATION
The geometrical elements, into which the space is discretized, can be thought as parts of a cell complex that fills the whole region where the physical phenomena are considered. Vertices, edges, faces, and cells are representative of points , lines , surfaces , and volumes of a cell complex [5] . Once we have defined a cell complex (primal complex), we can introduce the dual complex made of geometrical elements denoted by , ,
, and with a tilde to distinguish them from the , , , and of the primal cell complex. In this paper, we deal with a Delaunay simplicial complex and its dual Voronoi complex (Fig. 1) .
A cell complex and its dual is introduced also on the time axis: its elements are the instants and the intervals ( space, the inner orientation is defined as follows: the points can be oriented as sinks, the lines are oriented by a chosen direction on it, and the surfaces are endowed with inner orientation when their boundary has an inner orientation and volumes are endowed with inner orientation when their boundary has an inner orientation.
Once a cell complex has been endowed with inner orientation, the outer orientation is then induced on the space elements of its dual complex. In the case of the cell complexes in time the embedding space is one-dimensional (1-D). Therefore, a primal instant is endowed with inner orientation when its point on the time axis is oriented as a sink; a primal interval has inner orientation when it is oriented toward increasing time. The outer orientation of a dual instant is the inner orientation of the primal interval to which it belongs. The outer orientation of a dual interval is the inner orientation of the primal instant internal to it.
According to the finite formulation of the electromagnetism, the following two principles can now be stated as follows.
• The configuration variables are naturally associated with space and time elements of a primal cell complex endowed with inner orientation while the source variables are associated with space and time elements of a dual complex endowed with outer orientation. • Many physical laws link global variables referred to an oriented space-time element with other referred to its oriented boundary.
III. REFERENCE 2-D EDDY-CURRENT PROBLEM
To illustrate the finite formulation method, a simple linear axisymmetric ECP has been considered: a massive active conductor of known conductivity is fed with a known external timedependent voltage source in the presence of a closed passive massive coil, Fig. 3 . All the materials here are assumed linear, even if the extension to nonlinear media is straightforward and will be briefly mentioned later. Due to the axisymmetry of the ECP, the resulting eddy currents are all azimuthal (along the direction).
A. Global Variables and Their Rate of Change
According to the finite formulation, the global variables, relevant for the ECP, associated to the oriented space (Figs. 1 and 4) and time (Fig. 2) cells are: 1) the electric potential impulse relative to the primal points and to the primal intervals ; 2) the electric voltage impulse relative to the primal lines and to the primal intervals ; 3) the magnetic flux relative to the primal facets and primal instants ; 4) the electric charge flow , relative to dual facets and dual intervals ; Table I .
From the global variables , , , and , their corresponding temporal rates , , , and can be introduced as
by assuming an affine time dependence of , , , and in the respective interval of definition. Due to the axisymmetry of the ECP, the voltage is null along the azimuthal lines for the passive conductor while it equals the external independent voltage source in the active conductor, being uniform at any in its cross section.
B. Faraday-Neumann Law (FNL)
With respect to the cell complexes defined above, a first set of algebraic equations can written, representing the finite form of the FNL. Due to the symmetries of the ECP the FNL, written for the primal face with two azimuthal edges ( , in Fig. 4 ) gives (2) Expressing by means of the electrokinetic momentum (which corresponds to the circulation of the magnetic vector potential ) from (2), the arbitrarity of the facet assures that (3) at any primal line . Introducing the electric voltage per radian and the electrokinetic momentum per radian being , the azimutal angular width of the cell complexes, (3) becomes . Adopting the matrix notation, this relation can be rewritten as (4) where and are the vectors of dimension equal to the number of the primal mesh nodes.
C. Ampere Law and the Magnetic Constitutive Equation
Applying the Ampere law in the finite form to a dual face laying on the , plane, as in Fig. 4 , the following algebraic equation is obtained: (5) where is the number of dual edges of the boundary of .
Introducing the magnetic constitutive equation relative to a primal face (with edges and , as in Fig. 4) , crossed by the dual edge , the following equation is derived:
(6) where is the reluctance, and are the radii of the and points, respectively, and is their distance. Since the magnetic media is assumed linear and homogeneus, is independent of . In the case of nonhomogeneus media, the expression of is different from the homogeneus case, because the dual edge can cross two media with different . In the case of a nonlinear nonhomogeneus media, depends on . Substituting (6) in (5) and rewriting (5) with matrix notation, we have (7) where is the vector of the currents relative to the dual faces of dimension , and is the sparse matrix of the reluctances. It should also be noted that (7) represents the algebraic system for the solution of a general 2-D magnetostatic analysis problem (also in the nonlinear case) deduced from the finite formulation.
D. Electric Constitutive Equation
The electric constitutive equation for the conductors, relative to a dual face laying on the radial plane and to the primal azimuthal line crossing (Fig. 4) , becomes
where is the conductance in the azimuthal direction and is the external impressed voltage per radian at any point of the active coil cross section. Note that the voltages and currents refer to different time grids, staggered one respect to the other. The hypothesis of affine time dependence of assures that is relative to a dual instant . With the matrix notation, (8) becomes (9) is the diagonal matrix with non-null entries only in correspondence to the conductor nodes of conductance .
IV. NUMERICAL SCHEME The algebraic linear system to be solved consists of two sets of equations.
1) Equations Relative to the Air: In the air, primal nodes of the homogeneus equation, deduced from (7), hold that . 2) Equations Relative to the Conductors: Substituting (7) written for and , and (4), in (9), the following equations can be derived for the conductor nodes:
Combining the two sets of equations above, the following implicit numerical scheme has been derived: (10) where and are the matrices whose elements are those of for the air nodes and and for the conductor nodes, respectively. is the vector with null elements for the air nodes and the passive conductor nodes and for the active conductor nodes. The initial condition is and , while the boundary condition is assumed for any at the boundary nodes of the primal mesh. The linear system resulting from (10) has been solved by means of the LU factorization and repeated back substitutions at each time step. It should be noted that the iteration matrix has a spectral radius of less than one, thus assuring the convergence of the scheme (10).
V. NUMERICAL RESULTS AND COMPARISONS
In the numerical implementation of the scheme (10), the components of the voltage source per radian vector are at the primal nodes of the active conductor and zero at the passive conductor primal nodes. The number of primal nodes of the considered mesh is (36 are located on the boundary), while the number of triangular primal elements is . In order to asses the accuracy of the method, a first alternative approach has been implemented to solve the ECP based on the discretization of the active and passive conductors into a number of elementary massive conductors with unknown currents (64 for each conductor), grouped in the vector . Then a lumped parameter representation in terms of the mutual inductance matrix and the diagonal resistance matrix has been obtained. The resulting set of ordinary differential equations has been numerically solved using an accurate Runge-Kutta integration method. The impressed voltage vector has null components for the passive conductor elementary currents, while its components are for the active elementary currents. The current densities at the th elementary conductor of area and baricenter have been compared with the corresponding current densities in the same locations , derived from the finite formulation method by performing a linear interpolation among the computed current density at the primal nodes of the conductors. The time evolutions of and at five sample points are shown in Figs. 5 and 6 for the passive and the active conductors, respectively. The four points and are located close to the four corners of the passive and the active conductors, respectively, while the fifth points are located at the cross-section centers of the conductors. The current density distribution computed with the finite formulation is in very good agreement with the corresponding reference current density in the case of the active conductor in Fig. 6 . For the passive conductor a few percent of discrepancy is evident after 10 s, as in Fig. 5 .
A second approach has been considered, based on the standard finite element method: the ANSYS code has been adopted to solve the ECP. Tables II and III show the comparison between the current densities obtained with the finite formulation and the finite elements in the five points and at three time instants. To perform the comparison in terms of current densities, an interpolation was necessary because the finite elements attributes the current densities to the element baricenter and not to the nodes like in the finite formulation.
VI. CONCLUSION
The work has illustrated an application of the finite formulation to the solution of a reference 2-D ECP. The results obtained have been compared with those from different classical methods based on the differential approach. The developed method can be extended to the 2-D nonlinear case, and the 3-D case is under investigation.
